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tudies have demonstrated the computational costs associated with sim-

lating 3-dimensional devices [19,22] . In one study [19] , the simulation

f a 3-dimensional toy device is far from steady-state but requires sev-

ral hours using hundreds of CPU cores. Another simulation shows even

arger computational costs [22] . Besides, many of these simulations rely

n empirical models for the input material properties [17,19,25,26] and

herefore cannot be used as a predictive tool for accurately simulating

hermal transport. 

In this study, we demonstrate a numerical method for nanoscale

hermal simulations with the phonon BTE. The present 



Y. Hu, Y. Shen and H. Bao Fundamental Research 4 (2024) 907–915

a  

d  

p  

i  

m  

[  

r

𝐶

 

g  

t  

l  

e  

p  

t

𝑞

 

c  

q  

i

∑

 

r  
pply to simulation of many devices and materials [18,37] . For the band

iscretization, we first collect all phonon properties (including heat ca-

acity 𝐶, group velocity 𝐯 , and relaxation time 𝜏 from lattice dynam-

cs calculations) and find the maximum mean free path Λmax and mini-

um mean free path Λmin . Then we divide the mean free path domain

Λmin , Λmax ] into several bins [Λ0 , … , Λ𝑛 ] . For each bin, we obtain the

epresentative phonon properties as 

𝑛 = 

Λn ∑
Λ=Λn−1 

𝐶Λ

𝑣𝑛 = 

Λn ∑
Λ=Λn−1 

𝐶Λ𝑣Λ

Λn ∑
Λ=Λn−1 

𝐶Λ

𝜏𝑛 = 

Λn ∑
Λ=Λn−1 

𝐶Λ𝑣2 
Λ𝜏Λ

𝑣𝑛 

Λn ∑
Λ=Λn−1 

𝐶Λ𝑣Λ

(8) 

The mode-level heat generation term depends on the type of heat

eneration. For example, the equilibrium mode-level heat generation

erm is proportional to the heat capacity of the phonon [29] . The mode-

evel heat generation originating from moving electrons through the

lectron-phonon interaction can be obtained from electron-phonon cou-

ling calculations [38,39] . For each bin, we obtain the heat generation

erm for representative phonon the mode-level heat generation as 

̇𝑛 =
Λ𝑛 ∑

Λ=Λ𝑛 −1 

𝑞̇Λ (9) 

These formulas obey the additivity of energy, heat flux, and thermal

onductivity. There are several integrations related to the phonon fre-

uency and branch. The band discretization transforms the integration

nto summation: 

∑
𝑝 
∫

𝜔max 

𝜔min 

𝑒𝜔,𝑝, 𝐬 

𝜏𝜔,𝑝 

𝑑𝜔 = 

∑
𝑝 

∑
𝜔 

𝑒𝜔,𝑝, 𝐬 

𝜏𝜔,𝑝 

∑
𝑝 
∫

𝜔max 

𝜔min 

𝐶𝜔,𝑝 

𝜏𝜔,𝑝 

𝑑𝜔 = 

∑
𝑝 

∑
𝜔 

𝐶𝜔,𝑝 

𝜏𝜔,𝑝 

𝑝 
∫

𝜔max 

𝜔min 

𝐯𝜔,𝑝 𝑒𝜔,𝑝, 𝐬 𝑑𝜔 = 

∑
𝑝 

∑
𝜔 

𝐯𝜔,𝑝 𝑒𝜔,𝑝, 𝐬 (10) 

There are also several integrations over the velocity directions. Di-

ectional discretization transforms those integrations into summations:

∫
Ω

𝑒𝜔,𝑝, 𝐬 𝑑Ω = 

𝜃max 

∫
𝜃min 

𝜑 

∫
𝜑min 

𝑒𝜔,𝑝, 𝐬 sin 𝜃𝑑𝜃𝑑𝜑 

= 

∑
𝑖 

∑
𝑗 

𝑤𝑖 𝑤𝑗 𝑒𝜔,𝑝, 𝐬𝑖,𝑗 
sin 𝜃𝑖 

∫
Ω

𝑒𝜔,𝑝, 𝐬 𝐬 𝑑Ω = 

𝜃max 

∫
𝜃min 

𝜑 

∫
𝜑min 

𝑒𝜔,𝑝, 𝐬 𝐬 sin 𝜃𝑑𝜃𝑑𝜑 

= 

∑
𝑖 

∑
𝑗 

𝑤𝑖 𝑤
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